Interval-valued fuzzy threshold graph is an extension of fuzzy threshold graph. In this paper, intervalvalued fuzzy threshold graph, interval-valued fuzzy alternating 4-cycle, and interval-valued fuzzy threshold dimension are defined, and certain properties are studied. It is demonstrated that every interval-valued fuzzy threshold graph can be treated as an interval-valued fuzzy split graph.
Introduction
Threshold graph was first introduced by Chvatal and Hammer [4] . These graphs are used in several applied areas, such as psychology, neuro-science, computer science, artificial intelligence, and scheduling theory. The graphs can also be used to control the flow of information between processors, similar to how traffic lights are used in controlling the flow of traffic. Chvatal and Hammer introduced this graph to use in set-packing problems. In 1985, Ordman [13] used this graph in resource allocation problems. A graph G ¼ ðV; EÞ is a threshold graph if there exists non-negative reals w v ðv2VÞ and t such that WðUÞ t if and only if U4V is an independent set, where WðUÞ ¼ P v2U w v , t is called the threshold. So G ¼ ðV; EÞ is a threshold graph whenever one can assign vertex weights such that a set of vertices is stable if and only if the total of the weights does not exceed a certain threshold. The threshold dimension tðGÞ of a graph G is the minimum number k of threshold subgraphs T 1 ; T 2 ; …; T k of G that cover the edge set of G. Threshold partition number, denoted by tpðGÞ, is the minimum number of edge disjoint threshold subgraphs needed to cover EðGÞ. An edge cover of a graph G is a set of edges C3E such that each vertex is incident with at least one edge in C. The set C is said to cover the vertices of G.
Suppose that there are ATMs that are linked with bank branches. Each ATM has a threshold limit amount. This limit sets the maximum withdrawals per day. The goal is to determine a replenishment schedule for allocating cash inventory at bank branches to service a preassigned subset of ATMs. The problem can be modelled as a threshold graph since each ATM has a threshold of transactions. In reality, each ATM can have a different withdrawal limit. These withdrawal limits can be represented by an intervalvalued fuzzy set. The threshold limit can be set such that the branches can replenish the ATMs without ever hampering the flow of transactions in each ATM. Motivated by this example, we investigate use of the interval-valued fuzzy threshold graph to model and solve this type of real problem.
Another graph related to the threshold graph is Ferrers diagraph. Ferrers diagraph was introduced by Peled and Mahadev [14] . [26] generalizes the graph (crisp) as a fuzzy graph. Rosenfeld first considered the fuzzy relation between fuzzy sets and developed various theoretical graph concepts. The field of fuzzy graph theory is growing rapidly because of demands in nature. It has been used to solve such problems as human cardiac functions, fuzzy neural networks, routing problems, traffic light problems, and time table scheduling. In fuzzy mathematics, there are different types of fuzzy graphs. There can be graphs with crisp vertex set and fuzzy edge set or fuzzy vertex set and crisp edge set or fuzzy vertex set and fuzzy edge set or crisp vertices and edges with fuzzy connectivity, etc. Problems involving approximate reasoning use fuzzy systems. A fuzzy set a on a set X is denoted by a ¼ ðX; mÞ and is defined by a function m : X/½0; 1, called the membership function. There are many extensions of fuzzy sets, such as bipolar fuzzy set, interval-valued fuzzy set, and intuitionistic fuzzy set.
In 1971, Zadeh [40] introduced the notion of interval-valued fuzzy sets as a generalization of fuzzy sets in which the membership values are intervals of numbers instead of numbers. As the interval-valued fuzzy set is an interval number, it is more effective in solving uncertainty cases than traditional fuzzy sets. Therefore, it has broader applications, such as fuzzy control, approximate reasoning, medical diagnosis, intelligent control, and multivariate logic.
Review of previous research
In 1973, Chvatal and Hammer introduced the threshold graph. Bipartite threshold graphs were studied in [5] under the name difference graphs because they can equivalently be characterized as the graphs ðV; EÞ for which there exist weights w v ; v2V and a real number t such that jw v j < t for every v and ðu; vÞ2E⇔jw u À w v j > t.
Andelic and Simic [2] studied properties of threshold graphs. Bhutani et al. [3] studied degrees of end nodes and cut nodes in fuzzy graphs. Makwana et al. [6] discussed the extraction of illumination invariant features using a fuzzy threshold based approach. Samanta and Pal [27] have first introduced the fuzzy threshold graph. Mathew and Sunitha [7] defined different types of arcs in a fuzzy graph. Mordeson and Nair [8] gave details of fuzzy graphs and hypergraphs. Pramanik [19] et al. found techniques to find the shortest path in an interval-valued fuzzy hypergraph. Recently, Pramanik et al. [16] defined and studied fuzzy f-tolerance competition graphs. The fuzzy f-tolerance competition graph is an extension of the fuzzy tolerance graph [28] . Samanta and Pal [31, 32] worked on fuzzy planar graphs. The interval-valued fuzzy planar graph is a generalization of the fuzzy planar graph introduced in [15] by assigning each vertex and edge to interval-valued fuzzy numbers instead of traditional fuzzy numbers. The bipolar fuzzy hypergraph is a hypergraph in which each vertex and edge is assigned bipolar fuzzy sets. Samanta and Pal [36] have introduced bipolar fuzzy hypergraphs that are important in complex networking systems. Colouring is also a challenging problem. Samanta et al. [38] have found a colouring technique in the approximate sense of fuzzy graphs. The reader may find work on various extensions of fuzzy graphs in [1,21e25] . For further study of fuzzy graphs and variations the literature [17,18,20,29,30,33e35,37] may be very helpful. Nagoorgani and Radha [9] proved some results of regular fuzzy graphs. Nair and Cheng [10] represent cliques and fuzzy cliques in fuzzy graphs. Nair [11] defined perfect and precisely perfect fuzzy graphs. Natarajan and Ayyasawamy [12] described strong and weak domination in fuzzy graphs. Tao [39] et al. described image thresholding using graph cuts.
Multi-processor scheduling, bin packing, and the knapsack problem are variations of set-packing problems; a well-studied problem in combinatorial optimization. These problems have had a large impact on the design and analysis of interval-valued fuzzy threshold graphs. All of these problems involve packing items of different sizes into bins with finite capacities. Consider a parallel system consisting of a set of independent processing units each of which has a set of time-sharable resources, such as a CPU, one or more disks, and network controllers. Here all units have variable capacities as well as resources. Motivated by the problem of packing independent units by optimizing capacities, intervalvalued fuzzy threshold graph is introduced. This parallel system can be described by interval-valued fuzzy threshold graph where each of the units and resources represents the vertices of the graph and a task executing on one of the units places requirements on each of the resources that can be best described by edges.
In this paper, we study several properties of an interval-valued fuzzy threshold graph as an extension of a fuzzy threshold graph. We also define, for instance, interval-valued fuzzy split graphs and interval-valued fuzzy threshold dimensions.
Preliminaries
A graph G ¼ ðV; EÞ consists of a set denoted by V, or by VðGÞ and a collection E, or EðGÞ, of unordered pairs ðu; vÞ of elements from V. Each element of V is called a vertex or a point or a node, and each element of E is called an edge or an arc or a line or a link.
An independent set (stable set) in a graph G ¼ ðV; EÞ is the set of vertices of V, no two of which are adjacent. That is, Sð3VÞ is said to be an independent set if for all u; v2S ðu; vÞ;V. The maximal independent set is an independent set in which adding any other vertex, causes the new set to fail to be independent. The maximum independent set is the maximal independent set with the largest number of vertices.
A fuzzy set a on a set X is a mapping a : X/½0; 1, called the membership function. The support of a is suppðaÞ ¼ fx2XjaðxÞs0g and the core of a is coreðaÞ ¼ fx2XjaðxÞ ¼ 1g. The support length is sðaÞ ¼ jsuppðaÞj and the core length is cðaÞ ¼ jcoreðaÞj. The height of a is hðaÞ ¼ maxfaðxÞjx2Xg. The fuzzy set a is said to be normal if hðaÞ ¼ 1.
A fuzzy graph with a non-empty finite set V as the underlying set is a pair G ¼ ðV; s; mÞ, where s : V/½0; 1 is a fuzzy subset of V and s : V Â V/½0; 1 is a symmetric fuzzy relation on the fuzzy subset s such that mðx; yÞ sðxÞ∧sðyÞ for all x; y2V, where ∧ stands for minimum. A fuzzy edge ðx; yÞ; x; y2V is said to be strong [35] if mðx; yÞ ! 1 2 minfsðxÞ; sðyÞg and is called weak, otherwise. A fuzzy path r in a fuzzy graph is a sequence of distinct nodes x 0 ; x 1 ; x 2 ; /; x n such that mðx iÀ1 ; x i Þ > 0; 1 i n. Here n ! 0 is called the length of the path. The consecutive pairs ðx iÀ1 ; x i Þ are called the fuzzy arcs of the path. The path r is a fuzzy cycle if x 0 ¼ x n and n ! 3. The fuzzy graph without a cycle is called acyclic fuzzy graph or fuzzy forest.
The strength of connectedness between two vertices u and v is m ∞ ðu; vÞ ¼ supfm k ðu; vÞ
In a fuzzy graph an arc ðu; vÞ is said to be a strong arc [7] or strong edge, if mðu; vÞ ! m ∞ ðu; vÞ otherwise it is weak.
Two vertices (nodes) in a fuzzy graph are said to be fuzzy independent if there is no strong arc between them. The set of all vertices that are mutually (fuzzy) independent is called the fuzzy independent set.
An interval number D is an interval ½a À ; a þ with 0 a À a þ 1. For two interval numbers iÞ The fuzzy union of two IVFSs A 1 and A 2 is an IVFS defined by sðuÞ t if and only if U4V is an independent set in G.
Interval-valued fuzzy threshold graph
In this section, we define the interval-valued fuzzy threshold graph and investigate certain properties.
Definition 1 (Interval-valued fuzzy threshold graph (IVFTG)). An interval-valued fuzzy graph G ¼ ðV; A; BÞ is called an intervalvalued fuzzy threshold graph with threshold t ¼ ½t À ; t þ such that P 
From (1) and (3), (2) and (4), we have
But, the in Eq. (5) and (6) are inconsistent. Hence there cannot exist any fuzzy alternating 4-cycle in an IVFTG. -Definition 3 (Split graph). Split graph is a graph in which the vertices can be partitioned into a clique and an independent set. Definition 4 (Interval-valued fuzzy split graph (IVFSG)). An interval-valued fuzzy split graph is an IVFG in which the vertices can be partitioned into a fuzzy cycle and a fuzzy independent set.
Example 2. Let us consider an IVFSG G ¼ ðV; A; BÞ which is shown in Fig. 2 and pictorial representation of that IVFSG is shown in Fig. 3 . Here the fuzzy clique is fa½0:03; 0:05; b½0:04; 0:05; c½0:02; 0:05; d½0:03; 0:06g and the fuzzy independent set is fx½0:4; 0:6; y½0:5; 0:7g.
Theorem 2. An IVFTG is an IVFSG. Proof. Let G ¼ ðV; A; BÞ be an IVFTG. Let K be the largest fuzzy cycle in G. We claim that G is an IVFSG with fuzzy cycle K and the fuzzy independent set V À K. Next, we prove that V À K is a fuzzy independent set. This implies that a; b; c; d form a fuzzy alternating 4-cycle which contradicts that G is IVFTG. Therefore, V À K is a fuzzy independent set. Hence G is an IVFSG. -Theorem 3. Every IVFSG is either an IVFTG or it can be converted to an IVFTG after some modification to the membership values of the vertices.
Proof. It is shown in Theorem 2 that every IVFTG is an IVFSG. Now, if an IVFSG with fuzzy clique K and fuzzy independent set S is not an IVFTG, changes can be made to the membership values of the vertices such that the following inequations hold good for some
The inequations are always consistent because, no u2S is adjacent to x2K, the inequations have no interference. Thus, an IVFSG becomes an IVFTG. -Theorem 4. An IVFTG can be constructed from a single vertex graph by repeatedly adding a fuzzy isolated vertex or a fuzzy dominating vertex.
Proof. Consider a single vertex graph with only one vertex x 0 . Theorem 3 says that every IVFSG can be made into an IVFTG, the statement can be established if it is shown that after adding a fuzzy isolated vertex or a fuzzy dominating vertex the resultant graph is also an IVFSG.
The single vertex graph can be assumed as an IVFSG with fuzzy clique K ¼ f and fuzzy independent set S ¼ fx 0 g. Next, a vertex x 1 can be added in two ways, either as an isolated vertex or a dominating vertex. If the vertex x 1 is isolated then x 1 2S or if it is dominating then x 1 2K. The resultant graph remains an intervalvalued fuzzy split graph. Hence, the theorem. -Definition 5 (Interval-valued fuzzy threshold dimension). Let G ¼ ðV; A; BÞ be an IVFG. If the minimum k number of interval-valued fuzzy threshold subgraphs of G, say, G 1 ; G 2 ; …; G k cover the edge set of G then the integer k is called the intervalvalued fuzzy threshold dimension of G and is denoted by tðGÞ.
Obviously, from the definition, the interval-valued fuzzy threshold dimension of an IVFTG is at least 1.
Theorem 5. Interval-valued fuzzy threshold dimension of an IVFG is at least 1.
Proof. To prove, the interval-valued fuzzy threshold dimension of an IVFG is non-zero, show that every IVFG has at least one interval-valued fuzzy threshold subgraph so that it can cover the edge set of the IVFG. If the IVFG is itself an IVFTG then there is nothing to prove. Now, consider IVFG is not an IVFTG.
Theorem 4 gives a clue that every single vertex can form an IVFTG. Therefore, every IVFG has at least one subgraph which is an IVFTG and can cover edge set of the IVFG. Hence, there always exists an interval-valued fuzzy threshold dimension of any IVFG. -Theorem 6. For every IVFG G ¼ ðV; A; BÞ the threshold dimensiontðGÞ n À aðGÞ, where aðGÞ is the cardinality of the maximum independent set of G. In addition, if G is triangle-free thentðGÞ ¼ n À aðGÞ.
Proof. Let S be a maximum independent set. Now, we construct the interval-valued fuzzy threshold subgraphs as follows: For each vertex u2V À S consider a star centred at u. These single vertex star graphs are interval-valued fuzzy threshold graphs. Now we can add one or more fuzzy weak edges to the vertex u and each such interval-valued fuzzy threshold subgraphs along with weak edges covers the graph G. Obviously, tðGÞ jV À Sj ¼ ðn À aðGÞÞ.
If G is triangle-free then for each vertex u2V À S there exists either a star graph or a star graph together with weak edges which are interval-valued fuzzy threshold graphs and cover the graph G.
Then, tðGÞ ¼ jV À Sj ¼ n À aðGÞ. -
Application of interval-valued fuzzy threshold graphs
Consider there are five ATMs and two bank branches. The five ATMs are A, B, C, D and E and the two bank branches are X and Y. The amount of withdrawals for each ATM varies day by day. Suppose, withdrawal limits for each ATM A, B, C, D and E are, respectively, 3 crores to 5 crores, 6 crores to 7 crores, 1 crore to 4 crores, 0.5 crores to 0.8 crores and 0.2 crores to 0.3 crores. The transaction limits for two bank branches X and Y are, respectively, 70 crores to 90 crores and 80 crores to 90 crores.
Next, the problem is find the minimum amount of replenishment cash that should be retained for ATMs from the two branches so that at any time if an ATM faces low cash then either of the branches can transact the required amount to maintain the normal functioning of the ATMs. In reality, depending on many parameters such as carrying cost, setup cost, bank's daily pay-out etc., this amount may also vary. The problem described here can be modelled as an interval-valued fuzzy threshold graph where ATMs and bank branches are taken as vertices. The membership values of each of these vertices are obtained from the withdrawal limits of ATMs and transaction limits of branches after converting these into equivalent numbers between 0 and 1. The membership value for the threshold limit is the replenishment amount.
First, we find the maximum independent set which is fA; B; C; D; Eg. Next, the graph that is considered is an intervalvalued fuzzy split graph. Theorem 2 implies that this will be an interval-valued fuzzy threshold graph with some threshold limit t ¼ ½t À ; t þ . Theorem 6 shows that the graph of Fig. 4 has threshold dimension 7 À 5 ¼ 2 i.e., a minimum of 2 threshold subgraphs covers the edge set of the graph. For a complex system, one can inspect these threshold subgraphs and assign each subgraph a threshold limit so that they form an interval-valued fuzzy threshold graph. Maximum of these threshold limits will be the threshold limit for the graph itself. For this example, the minimum threshold that can be assigned is ½0:107; 0:171. Therefore, the replenishment amount varies between 10.7 crores and 17.1 crores.
Conclusions
In this paper, we defined the interval-valued fuzzy threshold graph as a generalization of a fuzzy threshold graph. Additionally, we discussed some properties of fuzzy Ferrers digraphs. These graphs help to solve resource allocation problems in a fuzzy system, and these graphs are helpful to control the flow of information using fuzzy set-up. We hope our study will enable us to extend fuzzy graph classes, such as interval-valued fuzzy difference graphs, interval-valued fuzzy matroidal graphs, and interval-valued fuzzy matrogenic graphs. An algorithm can be designed to find the interval-valued fuzzy threshold subgraphs of an interval-valued fuzzy split graph and assign an approximate minimum threshold such that similar types of problems, as stated in Section 5, can be easily solved.
